Representations of Two-parameter Quantum Orthogonal 
and Symplectic Groups 

Nantel Bergeron, Yun Gao, and Naihong Hu* 

Abstract. We investigate the finite-dimensional representation theory of two- 
parameter quantum orthogonal and symplectic groups that we found in [BGH] 
under the assumption that rs~^ is not a root of unity and extend some results 
[BWl, BW2] obtained for type A to types B, C and D. We construct the 
corresponding i?-matrices and the quantum Casimir operators, by which we 
prove that the complete reducibility Theorem also holds for the categories of 
finite-dimensional weight modules for types B, C, D. 



1. Preliminaries: Two-parameter Quantum Groups for Classical Types 

Let K D Q(r, s) denote an algebraically closed field, where the two-parameters 
r, s are nonzero complex numbers satisfying ^ s^. 

In this section, we recall the definitions of the two-parameter quantum groups 
C/r,s(fl) for g — sin+i from [BWl], and for g — so^n+i, sp2n S02n from [BGH]. 
Let 4* be a finite root system of a simple Lie algebra q of rank n with H a base 
of simple roots. Regard 5* as a subset of a Euclidean space E = R" with an 
inner product ( , ). Let ei, • ■ • , e„ denote an orthonormal basis of E. We need the 
following data on (prime) root systems. 

Type A: 

n = {ai = El - Ei+l I 1 < z < "-}, 

* = {±(e, -ej)|l<i<j<n+l}. 



Type B: 



n = {aj = Ci - e^+i I 1 < z < n} U {a„ = e„}, 

* = {±e, ± ej \ 1 < i ^ j < n} U {±6; | 1 < i < n}. 
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Type C: 



Type D: 



n = {aj = Ci - Cj+i I 1 < i < n} U {q!„ = 2e„}, 
* = {±ei ± ej I 1 < i j < n} U {2ei | 1 < i < n}. 



n = {a^ = Cj 



1 I 1 < i < n} U {an = e„_i + e„}, 



* = {±ei ± e,- I 1 < i 7^ j < n}. 

In the cases of type C and D, we set 
type B, we set Vi = r("""'\ Sj = s^"*'"*). 



r 2 



Si = s 2 ; 



while for 



Assigned to 11, there are two sets of mutually-commutative symbols W = {un. 



±1 



1 < z < n} and PF' = {w^ | 1 < i < n}. Define a pairing ( , ) : W xW 
follows: 



as 



„2(e 



s2(ej + i, ai) 



(1b) (a;i,t^,) = <^r2(^--), 



^2(£„,a.)^ 



i <n, j < n, 
i < n, j = n, 
i = j = n. 

i < n, j < n, 
i < n, j — n, 
i = j = n. 



for sl„+i, 
for S02„+i, 

for Sp2n> 



(Id) 
(2) 



j.i<^3,ai) + at) ^ 
j,(en-i,a«)g— (en,a«) 



i < n, j < n, 

i^n-l, j = n, for S02n, 
i = n — 1, j = n. 



^) = ^ = for any Q. 



Lemma 1.1. For the prime root systems of the Lie algebras g = sin, S02n+i, 
502n, md Sp2„, there hold the identities: 

(ej+i,Q;,) = -(ej,Q!j), {i,j<n), 



(ej+i,Q!„) = ■ 
{ej,an) = 



-2{en,aj), 
f -{en,aj-i), 

I (en-l,Q!n-l), 



(j < n), 

(j <n, j y^n- 1), 
(i = n - 1) 



/or any g, 

for g = S02„+i, 
/or 3 = sp2„, 

/or = S02„. 



□ 



Observe that Lemma 1.1 ensures the compatibility of the defining relations of 

the two-parameter quantum groups defined below. 

Let Ur.sis) be the unital associative algebra over K generated by symbols 
ei,fi,ujf^, ivl^^ {1 <i < n), subject to the following relations {XI)- (X4): 

rvi\ ±1 /±1 /±1 ±1 ±1 Tl 1 /±1 /=Fl 

(A 1) LOj = LOj LOi , U)i + ^ = 1 = Uj[ (jj^ . 
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(X2) For 1 < i, j < n, we have 

OJj Ci (jjj^ = (W-, Wj) Cj, OJj fi UJJ^ = {Uj[, OJj)~'^ fi. 

I /~1 / / \— 1 / £ /~1 / / \ £ 

UJj CiLOj = {ijjj ,LOi) Ci, LOj fi Wj = {Ulj , ) /j . 

{X3) For 1 < i, j < n, we have 

[ Cjj fj ] — ^ij ~~~ 



(X4) For any i 7^ j, we have the (r, s)-Serre relations: 

(ad^eO'""^^ (e,) = 0, 
(ad, (/,) = 0, 

where the definitions of the left-adjoint action ad; ej and the right-adjoint action 

adr fi are given in the following sense: 

ad;a(6) = ^a(i) 65(0(2)), ad^ a (6) = ^ 5(0(1)) 60(2), V o, 6 e [/^.^(fi), 

(a) (a) 

where A(o) — Xl(a) '^(i) ® ^^(2) i^ given by Proposition 1.2 below. 
The following fact is straightforward. 

Proposition 1.2. The algebra Ur,s{0) (fl = sln+i, S02n+i, sp2n> or S02n ) is a 
Hopf algebra under the comultiplication, the counit and the antipode defined below: 

A(a;f ^) = ® u;f\ A{u;t') = J^' ® a;f \ 

A(ei) = ei (g) 1 + <8) ei, A(/i) = 1 o + ig) w^, 

£(a;±) = e{u:f^) = 1, £(e,) = e{fi) = 0, 

5(a;±i)=a;r, 5(c.f ^) = \ 

S{ei) = -corhi, S{fi) = -fiOj'r\ 

□ 

Remark 1.3. When r = s"-'^ = q, Hopf algebra ?7r,s(0) modulo the Hopf ideal 
generated by the elements — w"^ (1 < « < n), is just the quantum groups Uq{Q) 
of Drinfel'd- Jimbo type. 

Definition 1.4. ^4 skew-dual pairing of two Hopf algebras A and U is a 
bilinear form ( , ) : U y. A — > K such that 

ifAAl^euif), (lu,a) = e^(a), 
(/,aia2) = (A°^(/),oi ® 02), (/i/2,a) = (/i /a, A^(o)), 

for all f, fi, /2 G and o, 01,026 A, where eu and denote the counits ofU 
and A, respectively, and and A^ are their respective comultiplications. 

Let B = B{q) (resp. B' = B'{q) ) denote the Hopf subalgebra oi U = Ur,s{Q) 
generated by Cj, (resp. fj, i^'j^^) with 1 < j < n for g = 0[„+i, and with 
1 < i < for g = S02n+i, S02n, and sp2m respectively. The following result was 
obtained for the type A case by [BWl], and for the types B, C and D cases by 
[BGH]. 
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Proposition 1.5. There exists a unique skew-dual pairing {,) : B' x B — > K. 
of the Hopf subalgebras B and B' in Ur,s{0), for g = sln+i, S02n+i, S02n, or sp2„ 
such that {fi-Cj) = 7-^, and the conditions (Ix) {where X = A, C, or D) 
and (2) are satisfied, and all other pairs of generators are 0. Moreover, we have 
{S{a), 5(6)) = {a, b) for aGB',bGB. □ 

Definition 1.6. For any two skew-paired Hopf algebras A and U by a skew- 
dual pairing (,), one may form the Drinfel'd double 'D{A,IA) as in [KS,8.2], which 
is a Hopf algebra whose underlying coalgebra is A®U with the tensor product 
coalgebra structure, and whose algebra structure is defined by 

(3) (a f){a' ® /') = J2{Su{fii)), a[,)){f^s),a[^)) a«(2) ® /(2)/', 
for a, a' £ A and f,f' gU. The antipode S is given by 

S{a^f) = {l^Su{f)){SA{a)^l). 

Clearly, both mappings ^9ai-»-a0le V{A,l() and ZY9/i->l0/G V{A,U) 

are injective Hopf algebra homomorphisms. Let us denote the image a ® 1 (resp. 
1 (g) /) of a (resp. /) in T>{A,U) by a (resp. /). By (3), we have the following cross 
commutation relations between elements d (for a & A) and / (for / e U) in the 
algebra V{A,U): 

(4) /« = X] (/(3).a(3)) a(2)/(2), 

(5) '^{f{i),a{i)) f{2)a{2) = Ai) (/(2)'«(2))• 
In fact, as an algebra the double 'D{A,U) is the universal algebra generated by the 
algebras A and U with cross relations (4) or, equivalently, (5). 

Theorem 1.7 ([BWl, BGH]). The two-parameter quantum group U = f/r,s(0) 
is isomorphic to the Drinfel'd quantum double T>{B, B'), for g = sln+i, S02ra+i, S02n> 
orsp2„. □ 

Let us denote Ur,s{^) (resp. ?7r-,s(n~) ) the subalgebra of B (resp. B') generated 
by Bi (resp. /j) for all i <n. Let 

denote the respective Laurent polynomial subalgebras of Uresis), B, and B'. Clearly, 
U° = UqUq = UqUq. Thus, by definition, we have B = i7r,s(n) x Uq, and B' = 
Uq IX [/r,s(n~), such that the double V{B,B') = ?7r.,s(n) ® f7r-,s(n~), as vector 
spaces. 

Let ( I )o : B X B' — > K denote the skew-dual pairing given by (6 | b')o = 
{S{b'),b). Then, via a variation of its Drinfel'd double structure, we obtain the 
standard triangular decomposition of Ur,s{s) [BGH, Corollary 2.6] as follows. 

Corollary 1.8. Ur^sid) — f^r,s(n~) ® C/" ® Ur,s{n), as vector spaces. In 
particular, it induces Uq (g) = Uq (n^ ) Uq Uq (n) , as vector spaces. □ 

Let Q = denote the root lattice and set = XliLi ^>oai- Then for any 
C = S"=i Ci^i € Q, we denote 

(6) uj^ = ojt-.-u:i-, J^ = {J,f^-.-{Jj'^. 
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The following Q-graded structure on Ur,s{Q) is necessary to develop to its weight 
representation theory discussed in the sequel. 

Corollary 1.9 ([BGH, Corollary 2.7]). For any ( = ELi Ci^i S Q, the 
defining relations {X2) in Ur.sig) take the form below: 

Then Ur^s{n^) = 0,,£q+ Uf-JJ{n^) is -graded, where 

/or?7GQ+ug-. 

Moreover, U = 0^£q ^r,si3) Q-graded such that 

uj'^ (FaUj'i^uj^Eff) Lj'^~^ = {Lj'^,ij0-a)~^ F^J^^uJuE jj , With /? - a = r?| , 

where F^ {resp. E^) is a certain monomial fi^-'-fii {resp. Cj^- ■ -ej^) such that 
H h = a {resp. aj^ -\ h aj^ = /?)• □ 



2. Finite-Dimensional Weight Representation Theory and Category O 

As we know, the standard triangular decomposition of J7r,s(0) suggests that 
Ur. sid) possesses highcst weight representation theory. Indeed, this has been de- 
veloped by Benkart and Witherspoon in [BW2] for g = gl^ or sl„. In principle, 
one can expect the same theory to be valid as well for g = S02n+i, S02n and sp2n- 
To establish this, we will follow Benkart and Withcrspoon's main ideas. However, 
to treat these cases in a unified fashion, we need to have better insights here and 
there in order to generalize the techniques used in the type A case. Throughout 
the article, we assume that K is an algebraically closed field containing Q(r, s) as 
a subfield and rs~^ is not a root of unity. 

Let A be the weight lattice of for g = s02ti+i, S02n, or sp2„, respectively. 
We adopt similar notions and notations in [BWl]. Associated to any A G A is an 
algebra homomorphism A from the subalgebra over K generated by the elements 
coi, uj[ (1 < i < n) to K given by 

(1) \{uji) = {u)'x,iOi), A(w-) = (a;-,a;A)"S 

here we extend the definition of ( , ) from A G Q to A G A via taking appropriate 
half-integer powers when necessary, observing that A C 0"^]^ iZa^ C 0"^]^ iZe^. 

Let M be a JJ-module of dimension d < oo where U = Ur,s{Q)- As K is 
algebraically closed, by linear algebra, we have 

X 

where each x : — > K is an algebra homomorphism, and M^^. is the generalized 
eigenspace given by 

(2) M^ = {m€M\{uJi- xi^iW'^rn = = (w^ - xi^n^rn, V i } . 
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When ^ we say that x is a weight and is the corresponding weight space. 
In the case when M decomposes into genuine eigenspaces relative to U^, we say 
that U° acts semisimply on M. 
Relations in {X2) imply 

(3) e,M^ C M^.S5 , f,M^ C M^.(~.) , 

where oj is as in (1), and x ' ^0 is the homomorphism with values (x • V')('^i) = 
x{uJi)i'{uJt) and (x • V')('^0 = xWd^K^i)- In fact, if {un - x(t^i)l)''"^ = 0> tlicn 
{uJi — x('^i)('^j,'^i)l)*^ejTO = 0, and similarly for co'^ and for fj. On the one hand, 
(3) means that the sum of the eigenspaces is a submodule of M, and so if M is 
simple, the sum must be M itself, meanwhile we may replace the power d in (2) 
by 1, that is, U° acts semisimply on each simple M. On the other hand, a direct 
consequence of (3) is that for each simple M there is a homomorphism x so that 
all the weights of M are of the form x • C; where C, & Q. 

When all the weights of a module M are of the form A, where A G A, we say 
that M has weights in A. Any simple i7-module having one weight in A has all its 
weights in A. 

The observation below, which arises from Benkart and Witherspoon [BW2, 
Proposition 3.5] in the case when g = or 5[„, also holds in our cases when 
= S02n+i, S02n and Sp2n- 

Lemma 2.1. For q = s[„, S02n+i, S02n and s^2nj suppose that C = fj, where 

r] € A. Assume that rs^^ is not a root of unity, then ( = rj. 

Proof. The proof for q = sin was given in [BWl, Proposition 3.5]. We now 
give the proof case by case for q = S02n+i, sp2„ and S02n, respectively. 
For ( = CjOii S A, by definition, we have 

^2(e.,C)s2(.,+ i,C), i < n, 

r2(e„,C)(^g)-C>., i = n; 

''^2(£i+i,c)<,2(£.,c)^ i < n, 

s2(£„,c)(^5)-Cn_ i = n. 

r2(er.,C)(j.s)-2a_ i = n; 

i = n. 



(B) 



(C) 



(D) 





-2C„ 



I < n, 
i = n\ 



r(^i+i.C)s(ei.C), i<n, 

r-(S'».0s(en-i>C)(^s)-2C„-i_ j = ^_ 

Denote jj, = C, — r], from C('^n) = 'fj{ujn) and C(w^) = 'f){'jj'n)^ in the type B or 

C case, we get r'^{^^'^'\rs)-^'^ = 1, s2(^"^^)(rs)~^" = 1; or r^(^^->'\rs)-'^f'^ = 1, 
s2(e„,M)(^_g)-2/i„ _ gQ ^j,g-i^2(£„,Ai) _ ]^ which, together with the assumption, 
means the integer 2(e„, ii) = 0, that is, 

(4) ju„_i = Hn, {for type B), or /U„_i = 2/i„, (/or type C). 
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Again from ((ujn-i) = 7}(w„_i) and C{i-o'n-i) = vi'^n-i)^ the type B or C case, 
we get (a„_i,/i) = 0, that is, 

(5) Hn-2 = l^n, {for type B), or /i„_2 = 2/i„, {for type C). 

But similar to the deduction in the case of type A (see [BWl]), noting fio = 0, we 

have 

(6) /Ui+2 - /Xi+i - = 0, (i = 1,2, • • • ,n - 2), 

(7) M2fe = fc/U2, M2fc+1 = fcM2 + Ml- 

Thus, by (4), (5) & (6), we get /i„ = /u„_i = • • • = /xi = = in the type i? 
case. For the type C case, if n = 2m, by (5) & (7), we get /i„_2 = (m — l)/i2 = 
2/i„ = 2m,^2, i-e., y^2 = 0, so = 0; if n — 1 = 2m, then by (4), (5), & (7), we get 
m/i2 = //n-i = M«-2 = (to - 1)^2 + Mi7 i-e-, Ai2 = Ati> again by (4) & (7), we get 
A^2 = 0, so /i„ = 0, which is reduced to the precondition of the proof in the type A 
case. Hence, using the same argument as in the case of type A ([BWl]), we have 
= 0. Therefore, ( = ri in both cases B and C. 

For the type D case, from Ci^i) = vi^i) and (i'^i) = vi^i) for z = n — 1, n, 
we have (rs~i)(""-i'^) = 1 and (rs~^)(""'^) = 1, that means, together with the 
assumption, the integers (a„_i, /i) = and (q:„, /i) = 0. So we get /ti„_2 = 2/x„_i = 
2/i„. If n = 2to, then (m — 1)^2 = /Un-2 = 2to^2, i-e., /X2 = 0. If n — 1 = 2m, 
applying (7) to = /x„, we get /ii = 0; applying (7) to fin-2 = 2/x„_i, we get 
/Lt2 = 0. So we have /i„ = for any n. Using the same proof as in the case of type 
A, we obtain = 0, i.e., C = ri. □ 

Remark 2.2. Lemma 2.1 indicates that under the assumption that rs~^ is not 
a root of unity, we may simplify the notation by writing M\ for the weight space 
rather than writing for A e A. So it makes sense to let (3) take the classical 
form: SjMx C M^+a, and fjMx C Mx-ay 

Similar to the proof of [BW2, Corollary 3.14], we have 

Corollary 2.3. Let M be a finite- dimensional Uresis) -module for g = sl„+i, 
S02„+i, S02„ or sp2n- Assume that rs"^ is not a root of unity, then the elements 
e^iT fi {^ 1^ i l£ n) act nilpotently on M . □ 

Obviously, when rs~^ is not a root of unity, a finite-dimensional simple U- 
module is a highest weight module by Corollary 2.3 and (3). 

We state the definition of the category O of weight {/-modules as in [BWl, 
Section 4]. 

Definition 2.4. Let O denote the category of m,odules M for Ur,s{9) {where 
g = S02ri+i, S02n, or sp2„) which satisfy the following conditions: 

{Ol) acts semisimply on M, and the set wt(M) of weights of M belongs 
to A : M = 0Aewt(M) -^A, where Mx = {m € M \ Ui.m = {w'^,Wi)m, u[.m = 
(w-,wa)"^to, Vz }; 

(02) dimK Ma < 00 for all A e wt(M); 

(03) wt{M) C U^eF(Ai - Q^) for some finite set F C A. 
The morphisms in O are U -module hom,omorphisms. 

Actually, the category O just focuses on the class of the so-called type 1 U- 
modules like in the case of Drinfel'd-Jimbo quantum groups (see [J], [Jo], [KS]), 
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which is closed under taking sub-object or sub-quotient object, making finite direct 
sum and taking tensor product. 

Let be the onc-dimcnsional Z?-modulc on which acts as multiphcation 
by (1 < i < n), and U° acts via ip, an algebra homomorphism from U° to K. 
As usual, we can define the Verma module M{il)) with highest weight V to be the 
module induced from , that is, 

M(^) = U®B V'. 

Set w^, = 1 ® w e M{i!), where 0) G V''' . Then e^.v^, = (1 < z < n) 
and a.v^ = ip{a)vjp for any a G C/° by construction. By Corollary 1.8, M{ij}) = 
Ur,s{n~) ® v^p. Corollary 1.9 indicates that each Verma module M(i/)) G Ob(0) if 
and only ii ip & L. 

Let A'^' be a proper submodule of M{tp), then (3) implies that 

M6Q+-{0} 

as M{ip)jp = Kv^ generates M{tp). Hence, M{ip) has a unique maximal submodule 
N, namely the sum of all proper submodules, and a unique simple quotient, L{'i()). 
Actually, all finite-dimensional simple [/-modules arc of this form, as the Theorem 
below indicates (which was proved by Benkart and Witherspoon [BW2, Theorem 
2.1] in the case when q = qI^, sin, but still holds with the same proof for our cases 

Offl). 

Theorem 2.5. For g = s[„+i, S02n-M, S02n or sp2n, let M be a Ur^sis)- 
module, on which acts semisimply and which contains an element m G 
{ijj G HomAigCC/^jK)) such that Ci-m = for all i. Then there is a unique homo- 
morphism of Ur^sid) -modules F : M{ip) > M with F{v^) = m. In particular, if 

rs~^ is not a root of unity and M is a finite- dimensional simple Ur^s{3)-module, 
then M = L{tp) for some weight ip. □ 

As in [BW2, Lemma 2.3], it is easy to verify the commutation relations below. 

Lemma 2.6. For m > 1, set [m]i = ''^ . Then for 1 < i < n, we have 



eifr = frei + [m]ifl 



Ti — Si 

^_^r]-"^iv,-s]-^J^ 



r,- - ,s,: 
1-"' , ,/ 



□ 



Set = for any simple root a G 11, then for any A G A, (A, a^) G Z by 

definition. Let A+ c A be the subset of dominant weights, that is, A+ = { A G A | 
{X,at) > 0, for l<i<n]. 

Similar to [BW2, Lemma 2.4] in the type A case, we have 

Lemma 2.7. For q = S02«-i-i, S02n and sp2n; assume that rs~^ is not a root 
of unity. Let M be a nonzero finite- dimensional Ur,s{3)-m.odule on which U° acts 
semisimply. Suppose there is some nonzero vector v G Mx with A G A such that 
Bi.v = for alii {1 <i < n). Then A G A+. 
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Proof. It suffices to prove that (A, a^) > 0, as the proof of (A,a)^) > 
(1 < i < n) is the same as that of [BW2, Lemma 2.4]. 

Since /„ acts nilpotently on M by Corollary 2.3, there is some integer m > 
such that = but ^ 0. Applying e„ to f^~^^-v = 0, using Lemma 2.6 

and the fact that e„.i; = 0, we get r~™A(a;„) = s~'"A(a;^). Equivalently, 

j.-m^2{en,X)^^gy2K = g-mg2(e„,A) (^g)-2A„ ^ (y^^ ^^^^ q 

^-m^(e„_i,A)g-(e„,A)(^g)-2A„_i ^ g-m^-(e„,A)g(e„_i,A) (^g-)-2A„_i ^ (y^^ ^^^g q-) 

or equivalently, 

= 1, (/or types B, C, D). 
The assumption of rs~^ forces (A, a^) = m > 0. Therefore, A G A+. □ 

Corollary 2.8. For g = S02n+i, S02n o-nd sp2„, assume that rs~^ is not a 
root of unity, then any finite- dimensional simple Ur,s{Q)-'fnodule with weights in A 
is isomorphic to L{X) for som.e A G A+. □ 

The representation theory of Ur,s{sh), developed by Benkart and Witherspoon 
in [BW2] , plays a crucial role in the classification of finite-dimensional simple mod- 
ules for Ur,s{sln) (see [BW2, Section 2]) like in the classical case of the simple Lie 
algebras or in the quantized case of the Drinfel'd-Jimbo quantum groups. Note 
the observation arising from the structure constants of Ur,s{s) for g = S02n+i, S02n 
and sp2„: for any vertex i from the corresponding Dynkin diagram of type B, C, 
or D, respectively, {u)l,u)i) = riS~^ always holds. This fact guarantees that even 
in the two-parameter quantum orthogonal or symplectic groups Ur,s{s), there exist 
isomorphic copies of C/r,s(sl2) as well. This suggests that these quantum groups 
possess a familiar finite-dimensional (weight) representation theory provided that 
rs~^ is not a root of unity. 

Now let us recall the representation theory for Ur,s{sh)- The first two assertions 
of the following Proposition comes from [BW2, Proposition 2.8 (i)], the last one 
may be regarded as an intrinsic generalization of [BW2, Proposition 2.8 (ii)] with 
a deep insight. 

Proposition 2.9. Assume thatrs~^ is not a root of unity. For U = ?7r.s(s[2) 
generated by e, f, u and u' , for a given cj) G HomAig(C/*', K), set (j) = ^(w), <j)' = 
(j){u)'), and in the Verma module M{(j)), put vj = f^ \ ® for j >0. Then 

(i) M(^) is a simple U -module if and only if (j) ■ r~^ — (j)' ■ ^ for any 

i>o. 

(ii) If 4'{uj') = 4'{oj){rs~^)~™' for some integer m > 0, then Spanj^juj | j > 
m + 1 } = M((/)— (m + l)a) is the unique maximal suhmodule of M{(j)). The quotient 
is the (to + 1)- dimensional simple module L{(j)) spanned by vectors vo,vi, - ■ ■ ,Vm 
and having U -action given by 

uj.Vj = (j) ■ {rs^^y^Vj, oj'.Vj = (f) ■ {rs^^)^^"^^^'>Vj, 
(8) e.Vj = cj)-r-"'[m+l-j]vj-i, [v-i = 0) 

f-Vj = b' + 1] {Vm+l = 0) 

Any {m-\- 1)- dimensional simple U -module is isomorphic to L{^) for some such (j). 
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(iii) IJ v — vi\i + ■■■ + Vn^^n G A"*", where Xi is the i-th fundamental weight for 
Q, then 0{u!l) = f^{uji){riS^^)^'^\ and the Ui-module L{ui\i) is {vi + 1)- dimensional 
and has Ui-action given by (8) ivith (pi = ^{LOi), where Ui is the copy of Ur^si^h) in 
Ur.sio) corresponding to the i-th vertex of the Dynkin diagram. 

Proof. For the proof of the last assertion, it suffices to show that there hold 

for = s[„, 502„+i, 502n and sp2„. 

In the type A case, we have Aj = ei + • • • + ej for 1 < i < n and A„ = 0. By 
definition, 



,!^)g(ei+i,i/) 



For types B, C and D, it suffices to consider types B2, C2 and D4, respectively. 

In the type B2 case, we have Ai = ei, A2 = ^(ei + £2)- By the defining formula 
(B) in Lemma 2.1, for i = 1, it follows directly from the argument in the type A 
case; while for i = 2, we get 

In the type C2 case, we have Ai = ei, A2 = ei + £2- It suffices to consider the 
case i = 2. Similarly, we have 

In the type D4 case, we have A 1 — ei, A2 = ei+e2, A3 = |(ei+e2+e3 — €4), A4 = 
i(ei + €2 + £3 + £4). It suffices to consider the cases i = 3, 4. By the formula (D) 
in Lemma 2.1, we have 



for i = 3, 4. 

The proof is completed. □ 
Proposition 2.9 (iii) and its proof imply the following result. 

Corollary 2.10. Assume that rs~^ is not a root of unity and A e A+, set 

Vi = [\,a(), then each vector f^'^^-vx in the Verma U -module M(A) generates 
the Verma submodule M(A — {vi + l)ai) for all i, where g = 5ln+ij •S02n+i, 502n or 

SP2„- 

Proof. It follows from a direct calculation of eifp~^^.vx = by Lemma 2.6 
and (9). □ 

More generally, we have 
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Proposition 2.11. Let M(A) he a Verma module with A € A+. Then for 
every element to of the Weyl group W of Q, there exists a Verma submodule in 
M (A) with highest weight 

(10) X^=uj{X + p)-p, 

where p is the half-sum of all positive roots of q. Every simple U -module as a 
composition factor ofM{\) determines a highest weight module in O. These highest 
weights are of the form (10). 

Proof. The proof of this proposition is analogous to that of the corresponding 

assertion in the classical theory (sec Dixmicr [D]). □ 

Lemma 2.12. For any simple U-module L{X) with A G A"*", take any (3 = 
Xir=i e Q"*" such that m, < (A, a/), V i, then the linear mapping U^^{n^) 9 
X I— > x.vx is infective. 

Proof. By the definition of the Verma module, it is enough to show that 
A — /? is not a weight of the maximal J7-submodulc N . This follows from Proposition 
2.11, because no set of weights { A^, — J2^=i niai | Uj G Z+ }, a; e W — {1} contains 
A-/?. □ 

Lemma 2.13. // an element a G (n~) satisfies the relations e^o = oej 
for i = 1, 2, • • • ,n, then we have a = 0. If fib = bfi, i = 1, 2, • • • ,n, for some 
b G U^^^in), thenb=0. 

Proof. Write /3 = ''^i^i S Q~^, and take a dominant weight A G A+ 

such that (A, a^) > m, for all i. Consider the simple f/-module L{X) with highest 
weight vector vx. Since {eia).vx = {aei).vx = for all i, the vector a.vx generates 
a proper submodule of L{\). Thus a.vx = 0, as L(A) is simple. Hence a = by 
Lemma 2.12. 

In order to prove the second assertion, we introduce a Q-algebra isomorphism 

6 : Ur,s{Q) — > Ur,s{Q) defined by 

6»(r) = s-\ 0{s)=r-^, 

(11) e{iJi) = uj'i, e{ij[) = uji, 

^(ej) = fi, 0{fi) = {riSi)ei. 

In fact, we can find that the image of 9 is Q-algebraically isomorphic to the associ- 
ated quantum group C^s-i,t— i (fl); i-^-, Im(6') = (C/j-i ,,-1 (fl), ( | )), where the pairing 
(w-jw^) is defined via substituting (r, s) by (s~^,r~^) in the defining formula for 
{col,cOj) (see formulae (Ix) and (2) in Section 1). 

Now applying the Q-algebra isomorphism 6 to the equation fib = bfi, we get 
9{b) = 0, by the first assertion. Hence, 6 = 0. □ 

Returning to the pairing ( , ) : B' x B — > K in Proposition 1.5, and combining 
with the Q-gradation on U (see Corollary 1.9), we have 

Proposition 2.14. For any j3 G Q"*", the restriction of the pairing {,) in 
Proposition 1.5 to B'~^ x B^ is nondegenerate. 

Proof. We have to show that for any a G B'~^ such that {a, b) = for some 
b G B^, implies that 6 = 0. This will be proved by induction with respect to the 
usual ordering of Q+. If /? is a simple root, then it is true by formula (2) in Section 



12 BERGERON, GAO, AND HU 

1. Let P > with ht(/3) > 1 and suppose that it holds for all 7 € such that 

/3-7eg+. 

Note that using the defining properties of skew-dual pairing and the comulti- 
plication in U (see Proposition 1.2), we may check by induction: 

(12) {cLol,LOfj,d) = {ujl,LOfj,} {c,d}, \/ cGUr,s{n~), d eUr^sin), 

(13) (c, d)=0, c e U-Jin-), d e U^^,{n), a,6GQ+, aj^ 6. 
It suffices to assume that b G U^g{n). By Proposition 1.2, we can write 

(14) A(6)= ^ (u;^®l)6^, G U^ljn) ® U,^-''in), 

0<7</3 

where bo = b(»l and bp = l($h. Let 7 e (?+, < 7 < a; e B'~^ and y G B'"^''"^^ 
By (2), (12) & (13), wc have 

(15) = {xy, 6) = (x y, A(6)) = (x » y, (t^^ 1) ft^) = {x®y, b^). 

By assumption, for any 7' < /? the restriction of ( , ) to ;B' ^ x S''' is nondegenerate, 
so is its extension to a bilinear form on [ B'~^ g/-(/3-7) ] x [ S''"''" ] . Hence it 
follows from (15) that b^ = 0. Because of (14) this means that A(6) = b(E)l+oj(j(E)b. 
By (13), together with A(/,:) = lS/i + /i®ti'i, wc get fib — bfi, and then fib — bfi 
for any i, after using if (sec the proof of [BGH, Theorem 2.5]). Thus, by Lemma 
2.12, 6 = 0. 

Similar reasoning indicates that for any b € such that (a, 6) = for some 
a G B'~^ implies that a = 0. □ 

In what follows, we consider the finite-dimensionality question of the simple 
f^r,s (0)-niodules L{\) with A G A+. This problem has been solved by Benkart 
and Witherspoon in [BW2, Section 2] in the case when g = or s[„. The 
same idea can be used to prove that M(A) has a [/r,s(0)-submodule M'(A) of finite 
codimension, as L{X) is the quotient of M(A) by its unique maximal submodule, 
where M'(A) is defined by 

n n 

(16) M'(A) = J2UrA0)fi'^'-^x = J2M{X-{ki+l)ai), 

1=1 4=1 

where ki = (A, a/) for ah i. That is, to prove the module L'{X) = M{X)/M'{X) 
is nonzero and finite-dimensional. L'{\) ^ is clear, since any weight in M'(A) is 
less than or equal to A — {ki+l)ai for some i, v\ ^ M'{\). 

Lemma 2.15. (i) ([BW2, Lemma 2.10]) The elements ej, fj (1 < j < n) act 
locally nilpotently on UrAQ)-module L'{X). 

(ii) ([BW2, Lemma 2.11]) Assume that rs~^ is not a root of unity, V = 
®j"ez+ G 0h{O) is a Ur,s{sl2)-module for some weight A G A. // e, / act 

locally nilpotently on V, then dimjK V < 00, and the weights of V are preserved 
under the simple reflection taking a to —a. 

Proof. The proof of (i) is parallel to the type A case; the second part assertion 
is direct from [BW2]. □ 

Proposition 2.16. Assume that rs~^ is not a root of unity. Then for the 
UrAQ)-module L' [X) G Ob(C') with X G A"*", we have dinii^ L' (X) < 00, so dimKL(A) 
< 00. 
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Proof. Consider L'{\) as a J7i-module, where Ui is the copy generated by 
Cj, fi, Wi, For fj, a weight of L'{\), applying Lemma 2.15 to the ?7i-module 

iez+ 

for some weight A' < A, we get that the simple reflection Wi preserves the weights of 
L^{iJb), so Wi{^) is a weight of L'{X). That is, the Weyl group W of preserves the 
set of weights of L'{\). From Lie theory, we know that each W-orbit only contains 
one dominant weight. But there are only finitely many dominant weights < A, 
and as each weight space of L'{X) is of finite-dimension, we have dimK-£''(A) < oo. 
Thereby, dimx ^(A) < oo. □ 



For g = sln+i, S02n+i) •S02n Or sp2n) CoroUary 2.8 and Proposition 2.16 imply 
the following 

Corollary 2.17. A finite- dimensional simple object in the category O is 
precisely a Ur,s{3)-'module L{X) for some A G A+, and L{X) = L{fi) if and only if 
X = fj,. ' □ 

Finite-dimensional simple (w^eight) modules of generic type. As noted 
in [BW2, Section 2], for g = s[„, Benkart and Withcrspoon gave a description 
of a classification of finite-dimensional simple C/r,s(fl)-inodules. We find that a 
similar structural feature for finite-dimensional simple /7r^s(0)-inodules also holds 
when = S02n+i, S02n, or sp2ni after modifying some of the treatments. 

Given a one-dimensional ?7r,s(0)-modulc L, Theorem 2.5 indicates that L = 
L{x) for some % G HomAig(?7°, K) with the elements e,, /j (1 < i < n) trivially 
acting on L{x)- Relation {X3) {X = B, C, D) gives 

(17) X{<^i) = X{<^'i), {l<i< n). 

Conversely, if x G HomAig(C/°, K) satisfies the equation (17), then Proposition 2.9 
(ii) guarantees dimKi(x) = 1- We denote by L-^ the one-dimensional Ur,s{Q)- 
module L{x)- 

The following Lemma was proved by Benkart and Witherspoon in the case of 
type A. We will give a unified proof for the classical types of q based on an intrinsic 
observation in Proposition 2.9 (ii) & (iii). 

Lemma 2.18. Assume rs~^ is not a Toot of unity. Given a finite- dimensional 
simple Ur, sis) -'module L{^) with highest weight tjj, there exists a pair (x. A), where 
X G HomAig(J7°, K) such that (17) holds, and X G A+, so that tp = x ' ■^j o-^d 
wt(L(v^)) Cx-A. 

Proof. As i(V') is finite-dimensional and simple, for each pair of eigenvalues 
{^Ploji) , iplivD) when considering L{^p) as a Z/j-module (where Ui is a i7r,s(s[2)-copy 
of Ur^sio)); Proposition 2.9 (ii) tells us that there exists a nonncgativc integer Vi 
for each index i such that ^(w^) = t/'(a;i)(rjS~^)^''' . Set A = J27=i ^i^i where Aj is 
the ith fundamental weight of fl, then A G A+. 
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Now we take x(wi) = ^/'(a;i)Ai(a'i) and xi'^'i) — ^> that is, x — 

ip ■ X^^ G HomAig(J7°, K) and satisfies 

= i>{wi)\-\u:i) (by (9)) 
= X(wi), 

as required. The last assertion that wt(L(V')) C ^ • A is quite clear. □ 

Similar to [BW2, Theorem 2.19], for g = S02n+i, 502n, or spjm we have the 
classification Theorem for finite-dimensional simple f/^.s (fl)-modules as follows. 

Theorem 2.19. Let rs^^ he a non-root of unity. Each finite- dimensional 
simple Uresis) -module L{iIj) with ip G HomAig(?7'^, K) is isomorphic to (8) i(A), 
where x G HomAig(J7°, K) with xi^i) = xi^i) < i < n) and A G A+. □ 



3. i?-matrices, Quantum Casimir Operators, Complete Reducibility 

For any two objects M, M' e Ob(C>), Benkart and Witherspoon in [BWl, 
Section 4] constructed a [/r,s(-s[n)-module isomorphism 

Rm',m ■■ M' ®M — > M®M' 

by a remarkable method due to Jantzen [J, Chap. 7] for the quantum groups Uq{Q) 
of Drinfel'd- Jimbo type. 

The aim of this section is to generalize this result to the setting of fi = 

Noting that the weight lattice 

n ^^1 

as it was done in formula (1) of Section 2, for A e A, we have an algebra homomor- 
phism A G HomAigCJ/*^, K). Furthermore, we extend the pairing ( , ) to A x A, such 
that for any A = X^"=iPiQ!i, M = Z^r=i ^ ^ vi'iih. Pi, Qi G ^Z, we define 

(1) K,a;^)=ntiA((^0'% 

which is well-defined in the algebraically closed field K. 
Now we define the map / : A x A — > K* by 

(2) f{X,^i) = {u;'^,iOx)-\ 
which satisfies 

f{\ + = f(X,i^)f{fi,iy), 

(3) /(A,A. + z.) = /(A,Ai)/(A,j.), 
f{ai,fi) = {uJ'^,uJ^)~'^, f{\,ai) = (w-,wa)"^ 

And we define the linear transformation / = fM,M' '■ M (g) M' — > M (g) M' by 
/(m (g) m') = /(A, /i) (m m') for m G Mx and m' G M^. 
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Owing to A(ei) = ei(8)l+u;i(8)ei, we have A (x) e Z]o<i/<c ''(")'^''®^^«('^)' 
for all X e U^g{n), by induction. For each i, the expression of A(a;) defines two 
skew-derivations di, id : ^{n) — > U^~"*{n) such that 

n 

A(x) = a; 1 + di{x) (gi e, + i/ie rest, 

(4) 

A(a;) = (8) a; + e, a;,^-ai + the rest, 

2 = 1 

where in each case "i/ie resf refers to terms involving products of more than one 
Cj in the second (resp. first) factor. More precisely, parallel to [BWl, Lemma 4.6] 
or comparing with [KS, Lemmas 6.14, 6.17], we have 

Lemma 3.1. For all x G f/^g(n), x' G Ufg{n), and y G Ur,s{n~), the following 
hold: 

(i) di{xx') = {uj'(-,,uii) di{x)x' +xdi{x'). 

(ii) id{xx') = id{x) x' + {uj[,ujc) X id{x'). 

(iii) {fiV, x) = {fi, Ci) {y, id{x)) = (sj - ri)-^{y, id{x)). 

(iv) {yfi, x) = {fi,ei) {y, di{x)) = {si - ri)-'^{y, di{x)). 

(v) fiX - xfi = {si - ri)~'^{di{x)wi - Wiid{x)) . □ 

Also, for each i, the expression of A(?y) for y £ C/^f (n~) defines two skew- 
derivations di, id : C/~f (n~) — > C/~f+"'(n~) such that 



A(?/) = y (8> + ^ (g) /i + the rest, 

A{y) = l^y + Y^fi^ id{y) uj'i + the rest. 

i=l 

Parallel to [BWl, Lemma 4.8], we have 

Lemma 3.2. For all y G C/,7i(n"), y' € i7~f' (n~), and x G ?7r,s(n), i/ie 
following hold: 

(i) a,(yy') = 92(?7)y' + K,c.,)ya,(y')- 

(ii) .d{yy')^{oj',,uj^,),d{y)y' + y,d{y'). _ 

(iii) (y, Cix) = {fi,ei) {di{y), x) = {si - r^) '^{di{y), x). 

(iv) {y, xei) = {fi,ei) {id{y), x) = {si - ri)-^ {id{y), x). 

(v) e^y -yei = {r, - Si)~'^{ujidi{y) - id{y)uj'i). □ 

By Proposition 2.14, the spaces U^^g{n) and t/^f (n^) are non-degenerately 
paired. We may select a basis {u^j^^^, {d^ = dimC/^j;(n)), for U^g{n) and a dual 
basis {v'^}^'Li for U~^{n~). Then for each a; G s('^) ^^^^ ^ ^ ^rsi^~)' have 

(6) a; = ^(uf,a;)4, 2/ = Xl^^' "fe) ^fe" 

fc=i fe=i 

For C e Q+ = 0"^i Z+ai, we define 

(7) 0C=E^^®«fe- 

fe=i 
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Set 6,j = if C . Similar to [BWl, Lemma 4.10], for the cases when q = 
S02n+i, S02n and 5p2n> ^e also have 

Lemma 3.3. For 1 <i <n, the following relations hold 

(i) {uJ,®uJi)Qc = '^d^^^^i)' K ®wD0c = K ^'^O; 

(ii) [ei ®1)Qq + {uji ® ei) G^-a^ = 9^ (ci + e^_„. (w- ® e^); 

(iii) (1 ® fi) Of + {fi ® Qc-oc, = (1 fi) + Qc-oc, ifi ® uji). □ 

Now we define 

(8) e = ^ ec. 

feQ+ 

Given L/r_s(g)-module M and M' in 0, we apply 6 to their tensor product: 

6 = 0M,M' : M (g) M' — > M (g) M'. 

Note that 9^ : Ma ® Af^ — > Mx^q ® ^^/i+c A, e A, and there arc only 

finitely many C, G such that M'^^^ ^ 0, thanks to condition (03). So 6 is a 
well-defined linear transformation on M (g) M' . After appropriately ordering the 
chosen countable bases of weight vectors for both M and M', we see that each 9f 
with C > has a strictly triangular matrix, while 9o = 1 (g) 1 acts as the identity 
transformation on M eg) M', hence 9m, M' is an invcrtible transformation. 

Theorem 3.4. Let M and M' be Ur,a{Q) -modules in O where q = S02ra+i, S02n 
or s^2n ■ Then the map 

Rm',m = 9o/oP: M'®M — > M^M' 

is an isomorphism of Ur,s{Q)-modules, where P : M' (g) M — »• M (g M' is the flip 
map such that P{m' (g m) =m®m' for any m £ M, m' G M'. 

Proof. Obviously, Rm',m is invertible. It remains to show that Rm',m is a 
C^r,s (0)-iiiodule homomorphism, that is, to check that 

(9) A{a)RM',M{Tn' (g m) = iiM',MA(a)(m' (g m) 

holds for all a S Ur^sio), rn € M\ and m/ G M'^. It suffices to verify (9) for the 
generators e„, /„, w„, lo'^, because the subalgebra generated by the first 4(n — 1) 
generators e^, fi, uji, uj[ (1 < i < n) is isomorphic to Ur,s{5in), and this can be 
reduced to the proof of the type A case (see [BWl, Theorem 4.11]). We will 
present the computation just for a =^ fn- Using Lemma 3.3 (iii), we get 

LHS of (9) = /(A, ^)A(/„)9(m m') 

= /(A,/i)(lCx)/„)(;^ 9c)(m0m') 

+ /(A, /i)(/„ L,'„){J2 0C-« J im ® m') 
= /(A, m) 9c) (1 ® /„)(m (g m') 

+ /(A, /i) O(-an) {fn O a;n)(m m') 
= /(A, /x) (w;, wa) {J2 0f ) K"^ ® /nm') 

+ /(A, lj){Jf,,UJn) 0C-a„) (/nm (g m')- 
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On the other hand, we have 

RHS of (9) = RM',M{m' /„m + /„m' (g) u>'„m) 

= (0 ° f){fn'm (8> m' + w^m (g) /„m') 

= /(A - a„, iJ,)Q{fnm m') + /(A, - a„)e(a;^m (8> /„m') 
= /(A - a„, m) e^) (/„ 1) (m ® m') 

+ /(A, /X - a„){Y^ e^) (w; (g) /„)(m m'). 
Thus (3) indicates that (9) holds. □ 

Remark 3.5. Similar to the treatment in [BWl, Section 5] for the type A 

case, wc can prove the maps Rm',m satisfy the quantum Yang-Baxter equation 
for our cases. That is, given three i7r,s(0)-iiiodules M, M' , M" in O, we have 
Ri2 o -R23 o R12 = R23 o R12 o -R23 as maps from M M' M" to M" ® M' ® M 
(sec [BWl, Theorem 5.4]). On the other hand, wc also can prove the hexagon 
identities (see [BWl, Theorem 5.7]) for the maps Rm',m by the same approach. 
Consequently, O is a braided monoidal category with braiding R = Rm',m for each 
pair of modules M', M in O. 

Quantum Casimir operators and complete reducibility. The Ur,s{Q)- 
module isomorphisms Rm',m constructed in Theorem 3.4, which are called the 
i?-matrices, are mainly determined by ©. For the expression (7) of 6^, we set 

(10) fic = E^(^fe)"fc' ^'i = oi^d^ 

k 

(11) fi= J2^c^ = E ^'o 

CeQ+ C6Q+ 
where 6 is the Q-algebra isomorphism of Ur,a{3) into its associated quantum group 
f^s-i,r-i(0) (foi' definition, see [BGH]) introduced in the formula (11) in Section 2. 
Obviously, O;;^, fi^, 17 and Q' are independent of the choice of bases {u^} and {v^}. 
Q preserves the weight spaces of any M G O. 

Definition 3.6. The element fl is called a quantum Casimir element for the 
two-parameter quantum group Ur^sio)- 

Proposition 3.7. Let ip and ip be the algebra automorphisms of f/r.s(fl) such 
that tp{u!i) = uji, ip{uji) = u][, ip{ei) = uj[uj~^ei, ipifi) = fiUj[~^uJi and ip{ui) = 
uji, </?(w-) = w-, ifiie^) = eiijj~'^uj[, ipifi) = Then 

(12) -ijj{a)Q = Qa, ip{a) ^l' = ^l' a, for a € Ur,s{g). 

Proof. Since ip is an algebra automorphism, it is enough to prove the first 

assertion for the generators a = LUi, uj[, Ci, fi. For a = or w^, it is obviously true. 
Applying the mapping m o (5 1) to both sides of Lemma 3.3 (ii) & (iii) (where 
m is the product of Ur,s{Q) and S is its antipode) and summing over C, & we 
obtain fie^ = uj'^uj^^eiQ and ^ fi = fiijj[ loiVL. This means that J7ei = ^/'(ei) f2 
and ^ fi = fpifi) ^- Applying the automorphism 9 we get the assertion for ft' . □ 

Corollary 3.8. For M g Ob(C'), assume that m e Mx- Then 

(i) n Ci-m = (risri)-(^+"-".^)ei n.m, 

(ii) nfi.m = (risri)(A,0/. n.m. 
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Proof. By Proposition 3.7, for m G M\, we have 

^-m = ('^A> ^i) ^A> fi fi-m. 

Using formulas (B), (C), & (D) in Lemma 2.1, we can conclude the required result. 

□ 

Remark 3.9. According to Section 1. wc have made a convention: we have 
^. = ^ g(»i,»i) Qjjjy -j^ ^Yic type B case,so {r^s:r^)i^,"^) = (rs-i)2(>>."0 

for any i. However, for any other case, we always have (rjs"^)''^'"' ^ = (rs~^)*^'^'"'^ 

for any i since rj = r ' ''2 *' , Sj = s' '2 . Based on this observation, we make the 
following definition. 

Definition 3.10. For M e Oh{0), define a linear operator u : M — > M by 

setting 

(13) a;.w^ = (rs-i)^(^+'''^+rfv^, for € M^, 

where p is the half-sum of all positive roots of Q, and Ax,b = 2 if X = B, otherwise, 
^x,B will take value 1. 

Proposition 3.11. Assume that the Verma module M(A) € Ob(0), then the 
operator Q.lo is a multiple of the identity operator, that is, 

(14) = (rs-^ ) ^ (A+P,A+rt I 

Proof. Let v\ be a highest weight vector of the Verma module M(A). Then 

M(A) = C/.,s(n-)fA = E/3eQ+ (n^)^'A. For /^g e t/^f (n"), denote va-/, := 
ff3.v\, which is a weight vector of weight A — /3. We claim that 

(15) nuj.fi.vx-f3 = fi.rtuj.vx-i3, 
for any /3 e and any i. Indeed, noting that 

^[{a - at + p,a - ai + p) - {a + p,a + p)] + {a,ai) = ^[{tti, «») - 2{ai, p)] =0, 

and setting X — (3 = a, we have 

ncj.fi.vx-p = {nf,)irs-')^--^-ij.vx-0 

= {f.uj'r^Lo.a) {rs-^ f-'^^u.vx-0 

= fr{rs-^)^'''''^^-l^'°'^\rs-^)^''-'"'Q.w.vx-f) 
= f^flu.vx-p, 

where c=^[(A — /? — cti + p. A — /3 — a^+p) — (A — + A — /3 + p)]. (15) yields 

^U!.fi3.Vx = fp-^UJ.Vx 

= {rs-'^)^^^+P-^+P^ fp.n.vx 
= (r5-i)^(^+^'^+^)/^.Oo.eA 
= {rs-')^^'+'''+'^f0.vx, (Oo = l). 
So the relation (14) follows. □ 
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Corollary 3.12. (i) For the simple Ur,s{3) -module L{X) 6 Ob(C), there 
holds 

flu = (rs-i)^(A+P.A+rt j_ 

(ii) For each finite- dimensional M G Oh{0), the eigenvalues of the operator 
{i}u>)\M are integral powers of {rs~^)2 . 

Proof, (i) is evident. For (ii), as M G 0h{O) is finite-dimensional, it has a 
composition series whose factors are finite-dimensional simple C/r,s(fl)-inodules in 
O, on which flu acts as multiplication by (rs~^) 2^(m-I-p,a(-I-p) for some /z G A+, 
as indicated by (i) and Corollary 2.8. After taking an appropriate basis of M 
compatible with a chosen composition series, the acting matrix of {flu)\M has the 
required property. □ 

From Corollary 3.8 and Definition 3.10, we have a further result as follows. 

Theorem 3.13. The operator Qu : M — > M commutes with the action of 
Ur,s{Q) on any module M e Ob(0), where q = s[„+i, S02n+i, S02n, or sp2„. 

Proof. At first, it needs to show that flu commutes with e^, fi {1 < i < n). 
For m e Mju, by Corollary 3.8 and Definition 3.10, we get 



.m 



flu.{e,.m) = (rs-i)^^(''+"-+'''''+"'+^)0& 

— (^J.g-^^'^x,B[i{^l-^-ai+p,^l+ai+p)-{^l+ai,ai)]^,^,^ 

= {rs-'^)^'^''+P'^'+P^eifl.m 
= Si. {flu. m). 

flu.{fi.m) = {rs-^)^'^^'-°'*+P'^'-°"+P'^flfi.m 

= {rs-^)^^^'+P'^+P^fifl.m 
= fi.{flu.m). 

Obviously, flu commutes with the action of Ui, u[ (1 < i < n), for it preserves the 
weight spaces of M. □ 

The following Lemma is due to [BW2, Lemma 3.7] for the case of g = 
or sin+i, which is still valid in our cases. 

Lemma 3.14. Assume that rs~^ is not a root of unity. Let M he a nonzero 

finite- dimensional quotient of the Verm,a Ur^sio) -module M(A) G Ob(£>). Then M 
is simple. In particular, L'(X) — L{X) for X G A+. 

Proof. Lemma 2.6 means A e A+. The proof is based on the counter- 
evidence method and Proposition 3.11, which is the same as that of [BW2, Lemma 
3.7], with slight differences: for the function g{X) used in the proof there we use 

B 

(rs^^) 2^(.^+P'^+p) instead, noting the fact from Lie algebra theory (sec [D], or 
[K]) that for any weight fj, < X where A G A+, {X -\- p, X-\- p) = {p -\- p, ^ -\- p) if and 
only if p = X. □ 
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Based on the above results, using a similar argument due to Kac [K] in the 
proof of complete reducibility of category O for affine Kac-Moody Lie algebras (or 
comparing with the proof of [BW2, Theorem 3.8] in the spirit of Lusztig [LI]), we 
have 

Theorem 3.15. Assume that rs^^ is a non-root of unity. For q ~ sUi+i, 
S02n+i; 502n or sp2n, let M be a nonzero finite- dimensional Ur^sid) -"module on 
which [/" acts semisimply. Then M is completely reducible. □ 
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